For a Lie groupoid G with Lie algebroid A, we realize the symplectic leaves of the Lie-Poisson structure on A * as orbits of the affine coadjoint action of the Lie groupoid J G ⋉ T * M on A * , which coincide with the groupoid orbits of the symplectic groupoid T * G over A * . It is also shown that there is a fiber bundle structure on each symplectic leaf. In the case of gauge groupoids, a symplectic leaf is the universal phase space for a classical particle in a Yang-Mills field.
Introduction
Lie algebras provide basic examples of Poisson manifolds. Namely, the dual space g * of a finitedimensional Lie algebra g admits a linear Poisson structure, called its Lie-Poisson structure. As elements in g can be understood as linear functions on g * , the Poisson bracket is given by the Lie bracket. It is known that a Poisson manifold naturally decomposes into symplectic leaves, which is referred as the symplectic foliation of the Poisson manifold. In particular, symplectic leaves of the Lie-Poisson structure on g * are coadjoint orbits of G, the connected Lie group of g. See [10] for examples.
A Lie algebroid A also gives a Lie-Poisson structure on its dual bundle A * . It is natural to figure out the structures of its symplectic leaves. We would expect to realize the symplectic leaves of the Lie-Poisson structure on A * as coadjoint orbits of Lie groupoids. Two problems come out in this case: first, for Lie algebroids and Lie groupoids, there is not a normal adjoint representation. People solve this by using the first jet algeboids and the first jet groupoids [6, 4] or by constructing a representation up to homotopy [6, 1] . We shall use the jet groupoid coadjoint acting on A * to realize the symplectic leaves. Second, for the Lie algebroid T M , the Poisson structure on T * M is symplectic, so it is a symplectic leaf itself. This example tells us that a coadjoint orbit of the first jet groupoid on A * is not always a symplectic leaf since the linear action preserves the zero section. Actually, a symplectic leaf differs from a coadjoint orbit by the vertical translation given by T * M . We get that a symplectic leaf is an orbit of the affine coadjoint action of J G ⋉ T * M on A * , where G is the r-connected Lie groupoid of A.
It is shown in this paper that a symplectic leaf passing α ∈ A * x is a fiber bundle over T * L x with fiber type S i * α , where L x ⊂ M is the algebroid leaf passing x and S i * α is the coadjoint orbit passing i * α in the dual of the isotropy Lie algebra kerρ x . In particular, for the gauge algebroid T P/G associated with a principal G-bundle P over M , we recover the universal phase space constructed by Weinstein in [18] and the phase space constructed by Sternberg for a classical particle in a Yang-Mills field [9] . Examples of symplectic leaves in A * are given. For a regular integrable distribution F of a manifold, a symplectic leaf is the cotangent bundle of a leaf of this distribution; For the Lie algebroid T * π M for a Poisson manifold M , a symplectic leaf is the tangent bundle of a symplectic leaf of M .
One more motivation for this work is that a coadjoint orbit of a Lie group is a symplectic homogeneous space, and up to coverings, every symplectic homogeneous space is a coadjoint orbit if the first and second cohomology groups of its Lie algebra vanish; see for example [9] . However, for the Lie groupoid case, although a symplectic leaf is still a homogeneous space of Lie groupoids, the action of J G ⋉ T * M does not preserve the symplectic structure on a leaf. A proper definition of a symplectic homogeneous space for Lie groupoids still needs to be fixed. Furthermore, except the symplectic foliation structure on a Poisson manifold, Weinstein's splitting theorem [19] states that, locally, a poisson manifold is a product of a symplectic manifold and a Poisson manifold of rank zero at the origin. So an interesting topic is to explore the transverse Poisson structure along a symplectic leaf in the dual of a Lie algebroid. We shall leave the questions mentioned above to our future work.
The paper is organized as follows. In the second section, we clarify the adjoint and coadjoint representations of the first jet groupoid on a Lie algebroid and its dual. In the third section, we realize symplectic leaves of the Poisson structure on the dual of a Lie algebroid as affine coadjoint orbits. The fiber bundle structure on a symplectic leaf is analyzed in the fourth section. At the last section, we understand symplectic leaves as the groupoid orbits of the symplectic groupoid T * G over A * .
Notations: A Lie algebroid is denoted by (A, ρ, [·, ·]), where ρ : A → T M is the anchor map. We always suppose A is integrable with G as its r-connected Lie groupoid. For simplicity, r and l are used to denote the source and target of any Lie groupoid respectively and p is used to denote the projection of any vector bundle to its base manifold. Since we only consider the first jets, we call the first jet groupoid and the first jet algebroid as the jet groupoid and the jet algebroid in short.
where
A representation of a groupoid G ⇒ M is a vector bundle E over M with a linear action of G on E, i.e. for each arrow g : x → y, the induced map g· : E x → E y on the fibers is a linear isomorphism.
Let G be a Lie groupoid with Lie algebroid A. A bisection of G is a splitting b : M → G of the source map r with the property that φ b := l • b : M → M is a diffeomorphism. The bisections of G form a group Bis(G) with the multiplication and inverse given by
The identity is the inclusion of M in G. Local bisections are defined similarly. In particular, LBis x (G), consisting of local bisections on open neiborhoods of x ∈ M , is a group.
The first jet groupoid J G of a Lie groupoid G, consisting of 1-jets j 1 x b of local bisections of G at x, is a Lie groupoid with the groupoid structure given by
A bisection b of G acts on G by conjugation
which maps units to units and source fibers to source fibers. Its differential depends only on j 1 x b and thus defines representations of J G on A and T M .
Proposition 2.1. [4] The jet groupoid J G represents naturally on A and T M by
where m : G × G → G is the groupoid multiplication, and
Moreover, the anchor ρ : A → T M is equivariant:
for the above two representations.
We call the representation Ad of J G on A the adjoint representation of the Lie groupoid G. In particular, for u ∈ kerρ x , we have
Similarly, we have a representation of J G on T * M :
Let us have a look at the adjoint and coadjoint representation of the Lie groupoid M × G × M ⇒ M , which is the direct product of the pair groupoid M × M and the Lie group G and is also the gauge groupoid of the trivial principal G-bundle M × G over M .
For (X, a) ∈ T x M × g, the adjoint representation is
The coadjoint representation is thus 
Here Hom(T M, A) 0 is defined as the space of units of Hom(T M, A) with the multiplication
This is a Lie group bundle whose infinitesimal is the Lie algebra bundle (
Proof. We sketch the proof here. The groupoid morphism from
l • b 1 being a diffeomorphism forces Φ to satisfy that id + ρ • Φ is invertible, which is equivalent to the condition that Φ is invertible with respect to the multiplication (3) by direct calculation. This justifies the exactness of the sequence.
This shows that the multiplication in
It is routine to check that the Lie algebra of Hom(
. We omit the proof here.
For a vector bundle A, its first jet bundle J A fits into the following short exact sequence of vector bundles
Although it does not have a canonical splitting, at the level of sections, it does: u → u for u ∈ Γ(A). This gives an identification
So a section of J A is written as u + D for u ∈ Γ(A) and D ∈ Γ(T * M ⊗ A) and the C ∞ (M )-module structure becomes
Proposition 2.4. [2] If
A is a Lie algebroid, then there is a Lie algebroid structure on J A with anchor
The jet algebroid J A is the Lie algebroid of the jet groupoid J G. We thus obtain the infinitesimal adjoint and coadjoint representations of J A on A and A * respectively. Lemma 2.5. We have that the adjoint representation ad :
and the coadjoint representation of J A on A * is given by
Proof. In general, an action of a Lie groupoid G on a vector bundle E induces an action of its Lie algebroid A on E:
where φ u t (x) ⊂ r −1 (x) is a flow of u. Moreover, there is an induced dual action of G on E * given by
Thus, by direct calculation, we get the induced dual action of A on E * :
The results are direct from these formulas.
Similarly, as J G represents on T M , we have that the Lie algebroid J A also represents on T M :
This induces a dual representation of J A on T * M given by
where Let us see some examples of jet algebroids and groupoids.
Example 2.6. The jet algebroid of a Lie algebra is the Lie algebra itself and the jet groupoid of a Lie group is the Lie group iteself; The jet algebroid of T M is D(T M ), the bundle of covariant differential operators, and the jet groupoid of the pair groupoid M × M is the generalized linear groupoid gl(T M ), whose arrows between two points x, y ∈ M consist of linear isomorphisms
For a transformation Lie algebroid g ⊲ M , it has a natural flat connection which is zero on the constant section. So its first jet bundle splits into
). We then get a Lie algebroid structure on g × M ⊕ T * M ⊗ g such that the the transformation Lie algebroid g ⊲ M and the Lie algebra bundle T * M ⊗ g are Lie subalgebroids and the mixed bracket is determined by
whereû is the fundamental vector field of u on M . Actually, this determines an action of g ⊲ M on T * M ⊗ g by derivations.
And the first jet groupoid
with the groupoid structure
where (7). It has the transformation groupoid G ⊲ M and the group bundle Hom(T M, g) 0 (given by (3)) as Lie subgroupoids.
Similar to the Lie algebra case, a Lie algebroid (A, [·, ·], ρ) also gives a Poisson structure on its dual bundle A * . Observe that the space of functions on A * are generated by two kinds of functions:
We call this Poisson structure the Lie-Poisson structure on A * .
For the Lie algebra case, we know the coadjoint action of the Lie group G on g * preserves the symplectic structure on a symplectic leaf of the Lie Poisson structure on g * and it is further a Hamiltonian action. While for a Lie algebroid A, the coadjoint action of the jet groupoid J G does not always preserve the Lie-Poisson structure on A * in the sense that the fundamental vector fields of Γ(J A) on A * are not always Poisson vector fields. Here a Poisson vector field on a Poisson manifold
Proposition 2.7. The symplectic leaves of A * are invariant under the coadjoint action of the jet groupoid J G. That is, the coadjoint action is tangent to the symplectic leaves of A * . Moreover, we have, for a section u + D of J A, (1) its fundamental vector field on A * is a Poisson vector field iff
D • ρ ∈ Der(A), i.e., D • ρ[u, v] = [D • ρ(u), v] + [u, D • ρ(v)], u, v ∈ Γ(A).
(2) its fundamental vector field on A * is a Hamiltonian vector field iff D•ρ = 0 and the corresponding Hamiltonian function is
Proof. For any u ∈ Γ(A), it is direct to see that the fundamental vector field
It is not a Hamiltonian vector field in general, but at a point it is a linear combination of two Hamiltonian vectors. As any D ∈ Γ(Hom(T M, A)) at a point is a linear combination of this form, we conclude that the fundamental vector field of any section of J A at a point is a Hamiltonian vector. So the coadjoint representation is tangent to the symplectic leaves of A * .
The fundamental vector field of
It is seen from the proof that df ⊗ u is a Poisson vector field iff ρ * (df ) ∧ ad u ∈ X 2 (A * ) vanishes and a Hamiltonian vector field iff ρ * (df ) = 0 iff p * f is a Casimir function on A * .
Since the adjoint representation of J G on A * is linear, it preserves the zero section. For the particular case A = T M (M connected), the only simplectic leaf of T * M is the entire manifold. So the coadjoint orbits of J G on A * are not exactly the symplectic leaves. We shall use the vertical translations to extend the coadjoint orbits to symplectic leaves. This is the content of the following section.
Coadjoint orbits and symplectic leaves
It is well-known that a symplectic leaf for the Lie-Poisson structure on the dual of a Lie algebra is a coadjoint orbit of its Lie group. We expect a parallel result for Lie algebroids. In fact, we realize symplectic leaves on the dual of a Lie algebroid as affine coadjoint orbits.
Since J G represents on T * M , we have the semi-direct product Lie groupoid J G ⋉ T * M over M . As a manifold, it is the fiber product J G × M T * M with respect to the source map r : J G → M and the projection p : T * M → M . The groupoid structure is given by
The jet groupoid J G coadjoint represents on A * by (2) . We also notice that the trivial Lie groupoid T * M (l = r = p) acts on A * by the vertical translation
Theorem 3.1. With the notations above, we have
with the moment map the natural projection A * → M . We call this action the affine coadjoint action of G on A * .
(2) the orbits of the affine coadjoint action are the symplectic leaves of the Lie-Poisson structure on
Here we have used the equation (1) and the fact that ρ * (dφ
For (2), we show that the vector space of fundamental vector fields of the affine coadjoint action of J G ⋉ T * M on A * at α ∈ A * x coincides with the vector space of all Hamiltonian vector fields of A * at α. For u ∈ Γ(A) and f ∈ C ∞ (M ), the Hamiltonian vector fields of l u , p * f ∈ C ∞ (A * ) are respectively
And the fundamental vector fields are
Locally, any 1-form γ ∈ Ω 1 (M ) can be written as
γ i (x)dx i , the summation of exact forms at this point. Also note that X f g = gX f + f X g . We obtain that the vector spaces of fundamental vector fields and Hamiltonian vector fields are the same at a point. Since the affine coadjoint orbits of J G ⋉ T * M are connected, we get that the symplectic leaves of the Lie-Poisson structure on A * are exactly the affine coadjoint orbits.
From the above proof, one see the space of fundamental vector fields of Γ(A) and Ω 1 (M ) already coincides with the space of Hamiltonian vector fields on A * at a point. This means that the integrable leaves generated by the actions of Γ(A) and Ω 1 (M ) are the symplectic leaves. Here in order to realize the symplectic leaves as orbits of an action, we also take Γ(T * M ⊗ A) into consideration.
We have proved that the symplectic leaves passing a point α ∈ A * x is O α = {Ad * j 1
Corollary 3.2. The projection of the symplectic leaf
So the symplectic leaf O α through α ∈ A * x only depends on the Lie algebroid A restricting on L x . Corollary 3.3. The Lie-Poisson structure on A * is symplectic iff A * is isomorphic to T * M with the canonical symplectic structure.
Remark 3.4. Here we consider the symplectic leaves of the Lie-Poisson structure on A * , which is based on the Weinstein splitting theorem for Poisson manifolds. The splitting theorem for a Lie algebroid A is also well-studied [7, 5] , which is not the Weinstein splitting theorem for the Lie-Poisson structure on A * as mentioned by Fernandes in [7] . The reason is that for the Lie algebroid case changes of coordinates of A * are only allowed to be linear in the fiber variables.
As J A represents on T M , we get the semi-direct product Lie algebroid J A ⋉ T * M with the bracket between Γ(J A) and Ω 1 (M ) given by the representation (6). 
where i : M ֒→ G is the inclusion, is a bisection integrating γ. Then the induced infinitesimal action of T
With Lemma 2.5, we complete the proof.
In the following, we shall realize the affine coadjoint action of J A ⋉ T * M on A * as a restriction of the adjoint representation of an extended Lie algebroid on itself.
LetÃ := A ⋉ (M × R) denote the semi-direct product Lie algebroid of the Lie algebroid A with the
Consider the adjoint representatioñ ad : JÃ → DÃ of JÃ onÃ which is given bỹ
andã A) ) and γ ∈ Ω 1 (M ).
Proposition 3.6. (1) We have that JÃ = (J A ⋉ T * M ) ⊲⊳ (M × R) is a matched pair of Lie algebroids, that is, J A ⋉ T * M and M × Ê are sub-algebroids of JÃ and the mixed bracket is
(2) The affine action π of J A ⋉ T * M on A * is the restriction of the adjoint representationãd to
Proof. As vector bundles, we have JÃ = J A ⊕ (T * M ⊕ M × Ê). By Proposition 2.4, we have
Comparing with the equation (6), we see that J A ⋉ T * M is a Lie sub-algebroid of JÃ and also the other results. (2) follows by comparing the formula (11) with (12) and (13).
Remark 3.7. This description justifies the minus sign we put in (8) and then in ad(
For the affine coadjoint action of J G ⋉ T * M on A * defined by (9), we have known from Proposition 2.7 that the first part J G does not preserve the Lie-Poisson structure on A * . For the T * M part, we see from (8) that the trivial Lie groupoid T * M acts on A * with the infinitesimal ad :
We shall study when the fundamental vector fields are Poisson and Hamiltonian vector fields.
Proposition 3.8. For γ ∈ Ω 1 (M ), its fundamental vector field ad(γ) is a Poisson vector field iff ρ * (dγ) ∈ Γ(∧ 2 A * ) vanishes; it is a Hamiltonian vector field iff
ρ * (γ) = ρ * (df ) for some f ∈ C ∞ (M ).
In particular, if A is transitive, then ad(γ) for any γ ∈ Ω 1 (M ) is a Poisson vector field on A * iff γ is closed and a Hamiltonian vector field iff γ is exact.
Proof. The vector field −ρ * (γ) ∈ Γ(A * ) is a Poisson vector field iff it is a derivation with respect to the Poisson bracket on A * . First by definition we have
where p : A → M is the projection. Then for u, v ∈ Γ(A), we have
Moreover, it is easy to see
Hence we obtain that ρ * (γ) is a Poisson vector field iff ρ * (dγ) = 0. Furthermore, it is direct to see ρ * (γ) is a Hamiltonian vector field iff ρ * (γ) = ρ * (df ) for some f ∈ C ∞ (M ). Here we have used the fact p : A → M is a surjection. We then get the result.
In the Lie algebra case, a symplectic leaf is a symplectic homogeneous space. For a Lie algebroid, it is seen from Proposition 2.7 and 3.8 that in general the affine coadjoint action of J G ⋉ T * M does not always preserve the symplectic structure on a symplectic leaf. We shall show that a symplectic leaf in the Lie-Poisson manifold A * is still a homogeneous space of Lie groupoids.
Recall from [11] that a G-space P over M is homogeneous if there is a section σ of the moment map
The isotropy subgroupoid of the section σ consists of those g ∈ G for which g · σ(M ) ⊂ σ(M ). This definition makes sure that a G-space is homogeneous if and only if it is isomorphic to G/H for some wide subgroupoid H ⊂ G.
where H is the isotropy groupoid of σ.
Example 3.9. For A = T M , the isotropy groupoid of a 1-form σ ∈ Ω 1 (M ) extending α ∈ T * x M is as follows:
In this case, we get the map
4 Geometric structures of symplectic leaves
Symplectic leaves and symplectic reduced spaces
As an application of Theorem 3.1, we shall show that a symplectic leaf O α in A * is actually a MarsdenWeinstein symplectic reduced space.
Let G ⇒ M be the r-connected Lie groupoid of a Lie algebroid A. For any x ∈ M , denote by L x the algebroid leaf (groupoid orbit) passing x and G x the isotropy Lie group at x. By [17, Theorem 5.4], we know that for any x ∈ M , l : r −1 (x) → L x is a principal G x -bundle, whose gauge groupoid r −1 (x) × r −1 (x)/G x is isomorphic to the Lie groupoid G| Lx under the map
Lemma 4.1. One has a Lie algebroid isomorphism between the gauge Lie algebroid and A restricting on
L x : T r −1 (x)/G x → A| Lx , [X] → dR g −1 (X), X ∈ T g r −1 (x).
The induced isomorphism on the isotropy Lie algebra bundle kerρ| Lx is
For simplicity of notations, we first talk about the gauge Lie algebroid T P/G of a general principal G-bundle P over M . Consider the Atiyah sequence
and its dual sequence
By definition, J is given by
whereû ∈ X(P ) is the fundamental vector field generated by u.
Denote byJ : T * P → g * the moment map of the Hamiltonian action G acting on T * P (cotangent lifting). Then one hasJ(α · g) = Ad * g −1J (α). The mapsJ and J in (14) are related by the following commutative diagram It is shown in [9] that the symplectic reduced spaceJ −1 (µ)/G µ is symplectically diffeomorphic to the orbit reduced spaceJ −1 (S µ )/G and from this it follows that the symplectic leaf in T * P/G is a symplectic reduced space by Marsden and Weinstein.
As we have noticed from Corollary 3.2, the symplectic leaf O α passing α ∈ A * x only depends on the Lie algebroid A| Lx , which is isomorphic to a gauge Lie algebroid by Lemma 4.1. Then by Proposition 4.2, we have Remark 4.4. In the case of gauge algebroids, we recover the symplectic reduction for cotangent bundles [15] . And a symplectic leaf is a universal phase space for a classical particle in a Yang-Mills field explained in [18] . "Universal" means that the symplectic structure is independent of the choice of a connection, which is relative to the phase space constructed by Sternberg [9] .
Fiber bundle structures of symplectic leaves
Now we study the geometric structure on a symplectic leaf of A * for a Lie algebroid A.
For x ∈ M , denote by kerρ x , the kernel of the anchor map ρ : A x → T x M at x, which is called the isotropy Lie algebra, and L x , the algebroid leaf through x which is tangent to Imρ. The isotropy Lie group is denoted as G x . There is a natural map i * x : A * x → (kerρ x ) * that dualizes the inclusion i x : kerρ x ֒→ A x . So any α ∈ A * x defines an element i * x α in (kerρ x ) * . As a consequence, to any α ∈ A * x , we can associate two symplectic manifolds with canonical symplectic structures:
2) T * L x , the cotangent bundle of the algebroid leaf through x.
The symplectic leaf O α passing α ∈ A * x relates with both. Let r −1 (x) ♯ be the pull-back bundle of the principal
Theorem 4.5. The symplectic leaf passing α ∈ A * x is a fiber bundle over T * L x with the fiber type S i * α . Explicitly, it is isomorphic to the associated fiber bundle
Proof. Taking the dual of the following exact sequence of vector bundles
Choose a horizontal lifting λ : T L x → A| Lx , i.e. a bundle map such that ρ • λ = id. We claim the map
is a surjection and such that the fiber over a point in T * y L x is a coadjoint orbit of G y on (kerρ y ) * . In fact, for any β ∈ T * y L x , let b 0 be any local bisection such that
By (10), we see Ad * j 1
For any a ∈ kerρ y and y ∈ L x , we have
For any local bisection b such that φ b (x) = y, we have h := b(x)b 0 (x) −1 ∈ G y , the isotropy group at y. Thus we have i
This implies that the image of the symplectic leaf O α in A * under i * y is the coadjoint orbit passing Ad * b 0 (x) i * α ∈ (kerρ y ) * , which is a symplectic leaf in the Lie-Poisson manifold (kerρ y ) * . This proves that the fiber of λ * over β ∈ T * y L x is the coadjoint orbit passing Ad *
We have
as fiber bundles over
The symplectic leaf O α is also the associated fiber bundle over T * L x .
From the above proof , we can also see the symplectic leaf
Now we shall use the splitting to put a symplectic structure on
induces a Lie algebroid structure on T L x ⊕ kerρ| Lx with the bracket given by
and the anchor being the projection to T L x .
Let us first look at two special cases. 
Here p : T * L x → L x is the projection and ω can is the canonical symplectic structure on T * L x .
Proof. Since the isotropy Lie group is abelian, the coadjoint orbit in (kerρ y ) * degenerates to a point, so we have the symplectic leaf through α is diffeomorphic to 
Here we have used the fact dp(X l X ) = dp(X l X ) = X. Actually, by definition, we haveX l X − X l X is C ∞ (L x )-linear, and then belongs to End(T * L x ). This implies that it is a vertical vector field. This justifies the first identity. For f, g ∈ C ∞ (L x ), noticing dp(X p * f ) = dp(X p * g ) = 0, we have
We complete the proof.
It is seen that when the isotropy Lie algebra is abelian, the symplectic leaf is T * L x , but the symplectic structure is the canonical one plus a "magnetic" term.
In general, since a symplectic leaf O α passing α ∈ A * x only relates with A| Lx , which is isomorphic the gauge algebroid T r −1 (x)/G x , the general case actually boils down to the gauge algebroid case. The following result follows from the statement in [9] .
Let ω S be the symplectic form on S i * α and q :
is a projection of T [g,µ] (r −1 (x) × Gx S i * α ) to the subspace of vertical vectors. Theorem 4.9. The symplectic leaf passing α ∈ A * x is symplectically isomorphic to
(as manifolds) with the symplectic structure at a point
Here ω can is the canonical symplectic form on T * L x and p is the projection from
It is shown in this theorem that the symplectic form on a symplectic leaf involves the canonical symplectic form on T * L x , the symplectic form on a cadjoint orbit of the isotropy Lie group and the curvature. We also refer to [14] for a more explicit formula of the symplectic structure for the gauge algebroid case.
For the gauge algebroid T P/G of a principal G-bundle P over M , a splitting is actually a connection of the principal bundle. When a connection is chosen, the fiber bundle we obtained in Theorem 4.9 is precisely the phase space constructed by Sternberg for a classical particle in a Yang-Mills field. See [9] for more discussion.
Explicitly, let P ♯ be the pull-back bundle of the principal G-bundle P → M along the projection T * M → M , which is the principal G-bundle over T * M .
Consider the Lie-Poisson manifold g * on the dual of a Lie algebra g. We have the Lie algebroid structure on T * g * = g ⊲ g * → g * , which is the transformation algebroid relative to the coadjoint action of g on g * . Thus we get the tangent Poisson structure on T g * . We refer to [8, Example 1] for the symplectic leaves of T g * when g = so 3 (Ê).
Example 4.13. Let I be a Lie algebra bundle over M . Then the symplectic leaf passing α ∈ I * x is S α , the coadjoint orbit in the dual of the Lie algebra I x . Example 4.14. Let A = F be a regular integrable distribution of a manifold M . By Theorem 3.1, the symplectic leaf passing one point α ∈ F * x is
where L x is the leaf passing x of the distribution. If M is a product manifold N × P and A = π * (T N ), where π is the projection from M to N , then the symplectic leaf passing through (n, p) ∈ M is T * N × {p}.
For the same reason, if the anchor of a Lie algebroid A is injective, then the symplectic leaf passing
Example 4.15. Let A be the transformation Lie algebroid g ⊲ M with the Lie algebra g left acting on M . For x ∈ M , a local bisection is characterized by a smooth function F :
For (u, x) ∈ g × M and a local bisection b(x) = (F (x), x), we have
For the Lie-Poisson manifold A * = g * × M , by (10), the symplectic leaf passing a point (µ, x) ∈ A * is
where ρ : g × M → T M is the anchor map given by the action.
In particular, the symplectic leaf passing (0, x) is
where L x is the action orbit of G on M through x.
If the G-action on M is trivial, then the symplectic leaf is S µ × {x}, where S µ is the coadjoint orbit of G passing µ ∈ g * with the known symplectic structure. If this action is free, then the symplectic leaf is g * × L x , which is symplectically diffeomorphic to T * L x with the canonical symplectic form by the map ρ * :
5 The symplectic groupoid T * G over A * and symplectic leaves
In this section, we calculate the groupoid orbits of the symplectic groupoid T * G ⇒ A * , which turns out to be exactly the affine coadjoint orbits of J G ⋉ T * M on A * and thus the symplectic leaves on A*. This recovers a general result of symplectic groupoids for this special case [3] .
For a symplectic groupoid with connected fibers, the base manifold comes equipped with a Poisson structure. The groupoid orbits, i.e., the singular foliation where you identify points which are the source and target of the same element of the Lie groupoid, and the symplectic leaves of the Poisson structure on
The groupoid orbits of T * G on A * are also the orbits of the action of T * G on A * by ξ · α = l(ξ) when α = r(ξ). The symplectic groupoid looks quite different from the first jet groupoid of a Lie groupoid from Example 2.6 and 5.2, but we shall prove that they have the same orbits on A * , which are the symplectic leaves. Here R b is the isomorphism given by the right translation 
where p : T G → G is the projection. Taking the dual, we get an action of J G on T * G with moment map l • p : T * G → M :
In the following lemma, we discuss the fundamental vector fields of this action. 
